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Abstract 

In 1999 Chas and Sullivan showed that the homology of the free loop space 
of an oriented manifold admits the structure of a Batalin-Vilkovisky alge- 
bra. In this paper we give a direct description of this Batahn-Vilkovisky 
algebra in the case that the manifold is a compact Lie group G. Our an- 
swer is phrased in terms of the homology of G, the homology of the space 
of based loops on G, and the homology suspension. The result is applied 
to compute the Batalin-Vilkovisky algebra associated to the special or- 
thogonal groups SO in) with coefficients in the rational numbers and in 
the integers modulo two. 



1 Introduction 

In their seminal paper |CS99| , Chas and Sullivan introduced two new algebraic 
operations on the homology groups M^{LM) = H^,+diniM{LM) of the free loop 
space of a closed oriented manifold M. The first of these operations is the loop 
product 

H,(LM) ® H,(LAf) ^ H,(LAf), 

whose definition combines the intersection of cycles in M and the concatenation 
of loops in M. It makes IHI*(LM) into an associative, commutative graded ring 
with unit. The second of these operations is the BV- operator 

A: m^LM) ^m,+i{LM) 

obtained by rotating loops. It satisfies = and also the identity 

A(a6c) = A(a6)c+(-l)l''laA(6c) + (-l)(l'^l-i)l^l6A(ac) 
- (Aa)6c - (-l)l''la(Afo)c - (-l)l''l+l''la6(Ac). 

Together, the loop product and the BV-operator make M^,{LM) into a Batalin- 
Vilkovisky algebra, or BV-algebra, that we will refer to as the string topology 
BV-algebra of M. 

The string topology BV-algebra has by now been computed for several classes 
of manifolds. These are the complex Stiefel manifolds |Tam06j and spheres 
[Men09| . where coefficients were taken in the integers, and the complex and 
quaternionic projective spaces |Yan07j and surfaces of genus g > 1 |Vai07j . 
where coefficients were taken in the rational numbers. 
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The purpose of this paper is to compute the string topology BV-algebra, 
with coefficients in an arbitrary commutative ring R, of any compact he group 
G. Our main resuh, Theorem [T] below, describes M^,{LG) in terms of four rather 
simpler invariants of G. These are the following: 

1. The intersection ring IHI*(G). The intersection ring ]HI*(M) of a closed 
oriented manifold M is the graded-commutative ring obtained by equip- 
ping the regraded homology groups 7?*-|-ciim m 

(M) ^ H-*{M) with the 

product Poincare dual to the cup-product. 

2. The action H^{G) ® 1I*(G) H*(G). The group multiplication fi: G x 
G ^ G determines a homomorphism H^{G) ® -ff*(G) — > H^,{G) that after 
regrading becomes H^{G) 013* (G) 1I,(G). Thus, for a G H^{G) and 
X e H»(G) we may form the product ax G E[*(G). 

3. The Hopf algebra (VlG) . For any pointed space X, the homology groups 
i?*(riX) form a graded ring under the product given by concatenating 
loops. When X = G, a theorem of Bott |Bot56j states that these homology 
groups are free and concentrated in even degrees. We may therefore equip 
if,(riG) with the coproduct 

H^{VLG) ^ H^QG X flG) H^{nG) ® H^flG) 

obtained using the diagonal map and the Kiinneth isomorphism. This 
makes iJ*(i7G) into a commutative, cocommutative Hopf algebra. We 
denote the coproduct of a G i/*(i7G) by -D*a — ^ ajij a(2)- 

4. The homology suspension a: H^{D,G) if,+i(G). Let X be a pointed 
space and let a: x fJX X denote the evaluation map. The homology 
suspension, which we also denote by cr, is the homomorphism H^{flX) —> 
H^+i{X) defined by a{a) = ct,([5^] x a) for a G H^{flX). 

With this notation established we can state our main result. 

Theorem 1. For any compact Lie group G there is an isomorphism of graded 
rings 

m^LG) ^ H^{nG)(g>m^{G) 

with respect to which the BV-operator A is given by 

A(a ® a;) = ^ a(i) (g) cr(a(2))a;. (1) 

Theorem [T] arises from the simple fact that the free loop space LG splits as 
the product ilG x G. The content of the theorem lies in describing how this 
splitting interacts with the string topology operations. We would like to note 
that the ring isomorphism of Theorem [T] was stated by Tamanoi in [Tam06) but 
not proved there. Tamanoi also showed that A is a derivation of the ring iJ* {LG) 
whose product arises from the pointwise multiplication of loops in G, and then 
used this fact to compute the string topology BV-algebra of the special unitary 
groups and Stiefel manifolds. The computation relied on a splitting of rings 
LI^.{LSU{n)) = L[^,{ilSU{n)) ® H^,{SU{n)) that has no analogue for general Lie 
groups. 
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Theorem [T] reduces the task of computing the string topology BV-algebra 
of a compact Lie group G to the task of computing the quantities [T] to U] hsted 
above. In many cases these invariants of G are weh-known. In particular, Bott 
has given a complete method for computing the third quantity, the Hopf alge- 
bra H^, (flG), in terms of the homology and cohomology of a homogeneous space 
called the generating variety |Bot58| . This, combined with Theorem [H reduces 
the computation of the string topology BV-algebra of a Lie group to the compu- 
tation of the homology and cohomology of certain finite-dimensional manifolds, 
and of the effect in homology and cohomology of certain maps between them. 

We will see that Theorem [T] is sufficient to give a simple and direct calcula- 
tion of the string topology of the manifolds S^, and MP^, which are all Lie 
groups. Before attempting computations for more general Lie groups, however, 
it is useful to explore the structure of the answer provided by Theorem [T] in 
more detail. Recall that our homology groups are taken with coefficients in a 
commutative ring R. 

Definition 2. Suppose either that i? is a field, or that R — and H^{G) 
is torsion- free, so that H^{G) becomes a Hopf algebra. We may take a ba- 
sis pi, ... ,p„ of the odd-degree part of the primitive subspace of 7?*(G), and 
elements p^, . . . ,p" of H*{G) for which {p^,pj) = Sij. Define operators 

d,: H^nG) ^ H,_\p^\_,{nG), d,{a)=J2{p\<a^i)))a(2) 

and 

5,: H^G) ^H,+|p,|(G), S,{x)=piX. 

Proposition 3. In the situation of Definition the operators di and 5i are 
derivations, and with respect to the isomorphism of TheoremUithe BV-operator 
A is given by 

n 

This proposition makes it clear exactly to what extent A fails to be a deriva- 
tion. The result also makes it relatively simple to describe A by describing the 
effect of the di on a set of generators of iJ, (f2G) and the effect of the &i on a 
set of generators of H»(G). In general, in order to describe the action of A on 
H* (LM) one must describe its effect on a set of generators and on all products of 
pairs of these generators. Our main application of Theorem[T]and Proposition[3] 
is to compute the string topology BV-algebras of the special orthogonal groups 
SO{n) with coefficients in the rational numbers and in the integers modulo 2. 
The results are as follows. 

Theorem 4. Let m ^ 1. Then 

m,{LS0{2m + 1); Q) = Q[ao, . . . , a2™-i]/C/™ ® Aq[/33, /Jt, • • • , Am-i] 

and 

m — 1 ; '72m+lJ 

as graded rings. The degrees of the generators are 

\ai\^2i, |e„| = 2m, |/34i_i | = -4i -I- 1, |72m+i | = -2m - 1, 
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and in both cases the relations are given by 

Um = {al - 1) + (a? - 2ai_iai+i H ± 2aoa2j | 1 < i ^ m - 1). 

With respect to the above isomorphisms, the BV-operators on IHI*(LS'0(2to + 

1) ; Q) and B.^{LSO{2m + 2); Q) are given by 

m m 

A = '^di<S:6i and A = ^ 9, (8> + 9^ O 4 

i=l i=l 

respectively. Here di, 6i, dg and are the derivaiions defined as follows: 

• di sends aj to aj-2i+i if j > 2i — 1 and sends all other generators to 0. 

• Si sends fia-i to the unit and sends all other generators to 0. 

• sends to the unit and sends all other generators to 0. 

• ds sends 72m+i to the unit and sends all other generators to 0. 

Theorem 5. Let m > 1. Then as graded rings, H*(LS'0(2m + 1);Z2) and 
H*(L50(2m + 2); Z2) are isomorphic to 

Z2[ao, . . . , Om-l, bo, - ■ ■ , bm-l]/Rm ® ^2[ci,C3, . . . , C^m-l]/ Pm 

and 

Z2[ao, . . . , am-l, am, bo, ... , bm-l]/Rm <8) Z2[ci, C3, . . . , C2m+l]/Qm 

respectively. The degrees of the generators are 

\ai\=2i, \bi\=2m + 2i, \c2i-i \ = -2i + 1, 
and the relations are given by 

Rm = {al + I) + {al \ 2i ^ m - I) + (af + b2i-mao H h boa2i-m \ 2i^m) 

Pm = (cS_i I 2i - 1 < 2m) 
Qm = {4Ui I 2i - 1 < 2m + 1) 

where ri is the smallest power of 2 for which {2i — l)ri > (2m + 1) and Si is the 
smallest power of 2 for which {2i — l)si ^ (2m + 2). With respect to the above 
isomorphisms the BV-operators on H*(LS'0(2m + 1);Z2) and Il^{LSO{2m + 

2) ;Z2) are 

m m+1 
i=l i=l 

respectively, where di and di are the derivations defined as follows: 

• di sends aj to aj-i+i if j ^ i—1 and to otherwise, and similarly for the 
b,. 

• 5i sends C2i-i to the unit and sends all other generators to 0. 
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We would like to mention two extensions of Theorem [TJ The first extension 
is to the situation where the Lie group G acts smoothly on a manifold M. Then 
the ring H^,{QG) acts on the homology groups IHI*(LM). It is possible to prove 
a result describing how this action interacts with the BV-structure on HI:* (LM) 
that implies Theorem[l]in the case M = G. For the second extension, recall from 
|CJ02| that if /i* is a multiplicative homology theory in which M is oriented then, 
just as for ordinary homology, the groups h^^d.in\M{LM) admit the structure of a 
BV-algebra. Theorem [T] can be extended to give a description of /i*+dimG(^G) 
so long as the coefficients are concentrated in even degrees; for more 

general /i* we do not know to what extent such a result holds. 

The results presented here raise the following question. Godin has shown 
that the BV-structure on IHI*(LM) can be extended to a degree dimAf open- 
closed homological conformal field theory (HCFT) with positive boundary on 
the pair (iJ, (LAf ), H^:{M)) [God07| . In particular, this endows (iAf ) with a 
host of new operations arising from families of Riemann surfaces with boundary. 
When M — G it is interesting to ask whether these operations can be described 
in terms of the quantities [T] to 3] listed above and, if not, what new invariants of 
G must be used to give a complete description. 

The paper is arranged as follows. Section [5] recalls some simple properties 
of the homology suspension that will be used throughout the rest of the paper. 
In section [3] we illustrate Theorem [T] by using it to compute the string topology 
of S^, and RP^ with coefficients in Z. The first two of these results are 
due to Menichi [Men09j and Tamanoi [Tam06j . but to our knowledge the third 
result is new. In section H] we recall the definition of the intersection product 
and the string topology operations and then use these to prove Theorem [U and 
in section [5] we prove Proposition [3l Section [6] gives the proofs of Theorems H] 
andEl 



2 The homology suspension 

The purpose of this short section is to recall some properties of the homology 
suspension that will be useful in the remainder of the paper. The three lemmas 
that follow are either obvious or well-known, and we will provide references at 
the end of the section. We work with homology with coefficients in a commu- 
tative ring R. 

Lemma 6. The homology suspension a: H^{flX) —>■ is natural with 

respect to maps of X . That is, if f : X —> Y is a continuous map of based 
spaces, then the diagram 



commutes. 

Lemma 7. The homology suspension is equal to the composite 

H^{nx) H^{nx,*) ^ H^+i{Px,nx) ^ h^+i{x,*) = h^+i{x) 
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where Q,X ^ PX — > X is the path-loop fibration of X . In particular the homol- 
ogy suspension of any class a G H^{CIX) is transgressive and its transgression 
is the coset a + 9, ker tt, . 

Lemma 8. Let a,b Cz H^(QX) and let e: H^{QX) — > R denote the augmenta- 
tion. Then 

cr{ab) — a{a)e{b) + e{a)cr{b), 
where the product ah is formed using the Pontrjagin product on H^(CIX). Also 

D^a{a) — a{a) x 1 + 1 x cr(a), 

where D: X ^ X x X denotes the diagonal map. 

Lemma IH] is an immediate consequence of the definitions. Lemma [7| is an 
instance of the commutative diagram that follows Lemma 6.11 of [McCOlj . 
Lemma [5] is a consequence of the Homology Suspension Theorem of |Whi78[ 
Chapter VIII], in whose notation the two claims are (J»t* = and d2cr^ ~ 
respectively. 

3 Some simple examples 

The string topology BV-algebra {LS^ ; Z) was computed by Menichi in IMen09| , 
and the string topology BV-algebra M^{LS^;Z) was computed by Tamanoi in 
[Tam06j and Menichi in [Men09j . In this section we use Theorem [T] to give new 
proofs of these two results, and to compute H*(LRP'^;Z). We believe that this 
last result is new. 

Proposition 9 ( [Men09] ). There is an isomorphism of rings 

m^{LS^;Z)^Z[x,x-^]®Az[a], \x\^0, |a| = -1 
under which the BV-operator A is given by 

A(a;' a) = is* (g) 1, A(x^ 1) = 

for i G Z. 

Proof. Since is the Lie group of real numbers modulo the integers, Theorem[T] 
can be appHed to compute the string topology BV-algebra M^{LS^;Z). In the 
rest of this proof integer coefficients should be understood. 

The homology and cohomology rings of S'"'^ are iJ*(iS'"'^) = Az[S'^] a.nd H* (S^) ~ 
Az[S^]*. Thus H,(S'i) = Az[a], where a G H_i(S'i) = HoiS^) denotes the class 
of a point and 1 G Ho(S'^) = Hi{S^) is the fundamental class [S^]. The action 
of H,{S^) on H,(S'i) is given by [S^]a = 1, [S^]l = 0. 

There is a homotopy equivalence of H-spaces JIS*^ ~ Z, with Idgi G flS^ 
corresponding to 1 G Z. Writing the homology class of this point as a; G Ho{^lS^) 
we find that H^{nS^) = Z[x,x^^], that D^x = a; (g) x, and that a{x') = i[S^] 
since a;* is the class of the z-fold map S-^ — > 5^. 

We now apply Theorem[T] From the last two paragraphs we have (LS^) = 
H^,{nS^) (g IHI*(5^) = 'E[x,x~^] (g) Az[a], and from the last paragraph we have 
A{x^(E)a) = a;'Cg)cr(a;')a = ix'^(E)[S^]a for any a G H*(5"'^). The stated description 
of A now follows from our description of the action of H^,{S^) on ]EII*(S'^). This 
completes the proof. □ 
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Proposition 10 f [Tam06] . |Men09| ) . There is an isomorphism of rings 



H,(L5'''';Z) = Z[u] (g) Az[a], \u\ = 2, |a| = -3 
under which the BV-operator A is given by 

A(u' (Ki a) = m*"^ ® 1, A(u* (g) 1) = 

for i ^ 0. 

Proof. Since is difTeomorphic to the special unitary group SU{2), Theo- 
rem [T] can be apphed to compute the string topology BV-algebra IHI*(LS''^; Z). 
Throughout the rest of the proof integer coefficients should be understood. 

The homology and cohomology rings of S'^ are ff* {S^) = Kj\S^] and H* (5^) = 
MS^]*. It follows that H,(53) = Az[a], where a e H_3(S'3) = Hq{S^) is the 
homology class of a point and 1 S ]HIo(S''^) = H^{S^) is the fundamental class 
[S% The action of H^{S^) on H^S^) is given by [S^]a = 1, [S^]l = 0. 

A simple argument using the Serre spectral sequence of the path- loop fibra- 
tion — > PS^ shows that H^,{^lS^) is isomorphic to the polynomial 

ring where u € H2{i^S^) is the transgression of [S^] € H^^S^). It fol- 

lows from Lemma [7] that a{u) = [S^], and for degree reasons that a{u^) = 
for i 1. Also for degree reasons we have D*it = u (E) 1 + 1 <E) u, so that 
D^u"^ — J2 ® ^^'^ consequently ® ''■(w*(2)) — iu^~^ ® [S"^] for 

all i > 0. ' 

We now apply TheoremlH The isomorphism H,(LS'3) ^ H^{nS^)®m*{S^) = 
l^u] ® Az[a] follows from the last two paragraphs. From the last paragraph we 
have A(m* ® a) =^ ® (T(u'(2))a = iu^~^ ® [S'^]a. The stated description 
of A now follows from our description of the action of H^,{S^) on ]HI*(S''^). □ 

Proposition 11. There is an isomorphism of rings 

H^LMP^; Z) = Z[u, v] ® Az[a, b]/{v'^ - 1, 2b, ab) 
where the degrees of the generators are 

\u\ = 2, |w|=0, |a| = -3, \b\^~2. 
Under this isomorphism the BV-operator A is given by 

A(w'u^' (g) a) = 2iu'~^v^ (^1+ ju^'v^ (g) b, A{u'v^ (^b) = 0, A{u'v^ 1)^0. 

Proof. Since MP^ is diffeomorphic to the quotient of 5*^ = SU{2) by its cen- 
tre, Theorem [T] can be applied to compute the string topology BV-algebra 
]HI*(LMP^; Z). Throughout this proof integer coefficients should be understood. 
The homology and cohomology rings of MP'^ are given by 

H4RP-') - Az [p, [RP3]] / (2p,p[Rp3]) , 
iJ*(Mp3) = Az [r, [MP3]*] / (2T,T[RP3]*) , 

where p is a generator of i?i(RP^) and r is a generator of i?^(RP'^). Conse- 
quently H,(RP3) = Az[a,b]/{2b,ab), where a G H_3(Rp3) = Hq{WP^) is the 
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homology class of a point and b G H_2(KP'^) = i/i(RP^) is a generator. The 
action of H^{WP^) on H»(Rp3) is given by 

[MP^]a = l, [MP^]fe==0, [MP3]1 = 0, pa = b, pb = 0, pi = 0. 

Since MP^ is the quotient 3^/7^2, there is a homotopy equivalence of H- 
spaces fiRP^ ~ ftS^ x Z2 and a corresponding ring isomorphism iJ*(riRP^) = 
(g) Z[v]/{v'^ ^1}- If we write p: RP^ for the quotient map then 

u G i?2(f^RP^) is equal to where by abuse of notation u G H2{i^S^) is 

the class described in the proof of the proposition above. By Lemma [5] we have 
(t{u) — (t{Qp^,u) = p^.a{u) — Pt,[S^] — 2[RP^] and by naturality of the diagonal 
we have Z)*u = u®l + l®u. The class v G i?o(f^KP^) is the homology class 
of point in fiRP^ corresponding to a noncontractible loop in MP'^ and so has 
(t(w) = p and D^v — v (Ei v. It now follows from Lemma [S] that (7{v^) = jp, that 
(7(uv^) — 2[RP^], and that a{u^v^) = for i ^ 2. We therefore have 

= iu'-^v^ (g) 2[RP3] + ju'v^ (g) p. 

We now apply Theorem [H The isomorphism H,(iMp3) ^ iJ,(mp3) (g) 
IHI»(RP'^) = Z[u, w]g)Az[a, b]/{v^ — l, 2b, ab) follows from the last two paragraphs, 
and from the last paragraph we have A(u*i)-^ (ga) = m*"-'^!)-' g)2[RP^]Q; + jM*w-' g) 
pa for any a G H, (RP^). The stated description of A now follows from our 
description of the action of H^{WP^) on ]HI,(Rp3). □ 

4 Proof of Theorem [1] 

We continue to work with homology with coefficients in a commutative ring R. 
There is a homeomorphism 

Q -.nCyiG ^ LG 

defined by Q{5 ,g){t) = 6{t)g for (5 G rJG, 5 G G and t G . The theorem 
of Bott |Bot56j which we mentioned in the introduction states that Hf{flG) 
is a free i?-module concentrated in even degrees. It follows that the Kunncth 
isomorphism 

H^{nG) ® H^{G) ^ H^iSlG X G) 

holds. Combining these two facts and applying the degree-shift we have an 
isomorphism of _R-modules 

$ : il, (f^G) (G) ^ (LG) 

defined by ^{a®x) = 8,(a x x) for a G H^,{nG) and x G H^,{G). In this section 
we will prove Theorem [T] by showing that $ is a ring-homomorphism, and then 
showing that after applying $ the BV-operator A is given by equation ([T]). 

4.1 The intersection product and the string topology op- 
erations. 

We begin by recalling the construction of the intersection product on (A/) 
when M is a closed oriented manifold of dimension m. We will use the con- 
struction described by Cohen and Jones [CJ02| . Let D : M M y. M denote 
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the diagonal map. Since D is an embedding of manifolds with normal bundle 
TM, there is a tubular neighbourhood I'd C M x M oi D{M) diffeomorphic 
to the total space TM. There is an associated Pontrjagin-Thom collapse map 
Di: M X M M^*^ and a map in homology that we denote in the same way: 

L»! : H,XM X M) -> H^{M'^^''). 

We also have the Thom isomorphism 

Th: H4M^^')=H,^„,{M). 

With this notation established, the intersection product oi x,y G H»(Af) = 
H^+„i{M) is given by 



■ y 



-iy''^y^+"'ThoD,{x X y). 



(2) 



Note that here the symbol \y\ denotes the degree of y as an element of ]HI*(M). 

We now recall the construction of the loop product on M^{LM). We again 
use the construction due to Cohen and Jones |CJ02j . Recall that the free loop 
space LM is the total space of a fibre bundle ev : LM M that sends a loop 
in M to its value at the basepoint G S^. Write L'^M = {{61,62) \ ev((5i) = 
ev((52)} for the space of pairs of composable loops in M, ev: L'^M M for the 
map that sends such a pair to their common basepoint, D: L'^M LM x LM 
for the inclusion, and 7: L^M LM for the map that composes loops, so that 
for (61,62) G L'^M we have 



7(^1, ^2 )W 



(5i(2t), 
62(21- 



O^t^ 1/2, 
1/2 s^ts^ 1. 



The diagram 



L^M' 



D 



LM X LM 



M- 



■M X M 



D 

is a puUback square whose vertical maps are the projections of fibre bundles. As 
described in the last paragraph, D is an embedding of manifolds with normal 
bundle TM and there is a tubular neighbourhood C M x M oi D(M) 
diffeomorphic to the total space TM. It follows that D(L'^M) admits a tubular 
neighbourhood Vf^ homeomorphic to ey*TM . There is an associated Pontrjagin- 
Thom collapse map D\ : LM x LM L'^M°^ and a map in homology that 
we denote in the same way: 



£>! : H^(LM X LM) -> H^(L^M' 



v'TM 



)■ 



We also have the Thom isomorphism 

Th: H,(LH'n'^'^') 



iH,-,n(L'M). 



With this notation established, the loop product oix,y G ElI*(LAf) = i/*-|_„i(LM) 
is given by 

x-y= (-l)™l^l+™7, o Th o X y). (3) 
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Note that here the symbol \y\ denotes the degree of y as an element of M^,{LM). 

Finally we recall the definition of the BV-operator A. The circle S*^ acts 
on LM by rotating loops, or in other words by the action p: x LM LAI 
defined by p(s, S)it) = S{s + 1) for 5 e LM and s, t G 5^ The BV-operator 

A: H,(LM) ^H,+i(iM) 

is defined by A{x) = p4[S^] x a;) for x G M^LM). 

Remark 12. The sign correction (— 1)™!?/!+'" appearing in ^ and ^ is neces- 
sary if one wishes to obtain a graded associative, graded commutative product. 
For example, it is routine to verify that Tho D^Xyxx) = (-iyn\x\+"^\y\+My\Tho 
D\{x X y), so that the product defined in ^ satisfies x ■ y — (— l)!"^"^'?/ ' ^- See 
the discussion in |God07[ §4.6]. 

In fact Cohen and Jones |CJ02j use the collapse maps Di, D\ to describe 
ring structures on the Thom spectra M~'^'^ , LM~°^ tm ^ These lead to ring 
structures on H^{M~'^^'), i?4LM-<=^*^^^) that after applying the Thom iso- 
morphisms 

H,{M-™) ^ H,(M), H,{LM-^^'™) - H,(iM) 

give ring structures on (Af) and M^,{LM). It is simple to show that these 
products on H,(Af), H,(iM) are given by Q and ©. 

4.2 Proof that $ is a ring-isomorphism. 

By the definition of the module isomorphism <f> and the formulas ((!]), ([21) of the 
last subsection, and recalling that if, (ilG) is concentrated in even degrees, the 
claim that $ is a ring isomorphism is equivalent to the claim that for a, a' G 
H^{nG) and x,x' G H^{G) we have 

7* o Th o D\ (6, (a x x) x 9, (a' x x')) — 9, (p,(a x a') x Th o D\{x x a;')) 

where p: ilG x ilG — > flG is the concatenation of based loops. Recall that we 
have the homeomorphism Q: flG xG ^ LG. Write : QG x flG x G ^ L^G 

for the homeomorphism defined by 9^(51,52,5) = (©(^i, 5), 9(^2, g)) for 5i, ^2 G 
riG and g € G. We will now treat the isomorphisms 9, 9^ as identifications 
and work through the definition of the loop product on ]HI,(nG x G), which we 
recalled in the last subsection, in order to prove the equation above. 

First, ev : OG x G — > G is just the projection from a product to one of its 
factors, so the Pontrjagin-Thom map D{ : {flG x G) x {flG x G) — > {flG x flG x 
Qyv TG jg -j-j^g composition 

(ilG X G) X (rJG xG)^nGxnGx{GxG) 

nGxnGx G™ ^ (QG x OG x G)^^*^^, 

where the first map shuffles the factors and the last map c collapses flG x ilG x * 
to a point. Thus D\{{a x x) x (a' x x')) = c,(a x a' x D\{x x x')). 

Second, ev : ilG x flG x G ^ G is the projection from a product to one of 
its factors and so the composition 

H^inGxnGxG^'^) ^ H^anGxnGxGY'''^'^) ^ H.^dnnci^GxnGxG) 
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is given by Thoc, (a x a' xu) = ax a' x Th(u) for any u G H^{G). In particular 
Th o c,(a X a' x D\{x x x')) = a x a' xTho D\{x x x'). 

Finally, 7: fiG x VtG x G ^ flG x G is just the product p x Id. Thus 
7*(a X a' X ThoD\{x x x')) = p^,{a x a') x ThoD\{x x x'). This, together with 
the conclusions of the last two paragraphs, proves the claim. □ 

4.3 Proof of equation ([T]). 

We must prove that with respect to the ring isomorphism $ the BV-operator 
A is given by equation ([1]) . In light of the definition of $ and the description of 
A given in N4.1I we must prove that the equation 

p, ([5*^] X 0,(a X a;)) = ^ 9* (a(i) x cr(a(2))x) 

holds for any a e Hi,{yiG) and x e H^,{G). 

Let t: x^lG^ UG be the map defined by T{s,5){t) = 5{s + t)5{s)-^ for 
5 &nG and s,t e S*!. Then note that p{s,Q{5,g))\t) = Q{t{s, S), 6{s)g){t) for 
s, t e S*^, (5 e 57G and g ^ G. In other words p o (Id x Q) is the composite 

xnGxG ^''^''''^) (S-i X X (r^G X OG) x G 

^ X nG) X {S^ xnG)xG J2^f2^ QG x G x G 

OG X G iG, 

where the isomorphism shuffles the factors and ^: G x G G denotes the 
group multiplication. We must therefore prove that this composite sends the 
homology class [S^] x ax x e H^{S^ x flG x G) to J2^* ('^(i) ^ o'(a(2))a;). 

The map x flG xG ^ {S^ x flG) x {S^ x flG) x G in the above composite 
sends the homology class [S^] x a x x to 

^([S*^] X a(i)) X (1 X 0(2)) X a; + ^(1 x 0(3)) x {[S^] x 0(3)) x x. (4) 

Recall that ct*([S'^] x a(2)) — a{a(2))- Note that t,([5-^] x a(i)) = because 
Hf.{VlG) is concentrated in even degrees and that r, (1 x a(2)) = a(2). It follows 
that r X cr X Id sends the homology class (|4l) to X] ^(i) ^ '^{^'(2) ) x x. This class is, 
in turn, sent by 0o (Id x /i) into the class ^ 0,(a(]^) x (T(a(-2))x). In other words 
the composite above sends [S^] x a x x to X] "^(i) ^ '^{o,{2))^ ^-s required. □ 

5 Proof of Proposition [3] 

In this section we will prove Proposition [3l This is a routine consequence of 
the properties of the homology suspension listed in Lemma [8] once we have 
established the following property of the intersection product, which is valid for 
homology with coefficients in any commutative ring R. To state it, we assume 
that G acts smoothly on a closed m-dimensional manifold M and that this 
action preserves the orientation of M. This action makes ]HI*(M) into a module 
over the ring i?»(G). 

Lemma 13. Let x,y <E M^{M) and let a G H^,{G) be such that D^,a = ^ a(i) x 
a(2) . Then 

a(x-y)=^(-l)K.)IN(a(,)a;).(a(2)y). 
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Proof. To prove this claim we will use the description of the intersection product 
in terms of the Pontrjagin-Thom construction, which we recalled in ij4.1l Write 
Hi: G X M ~> M for the action, /i2 : G x M x M ^ M x M for the diagonal 
action /i2((?, mi, 1122) — {f^iig, fni), 112(9, ^2)) and write /i3 : G x M-^*^ — *■ M-^*^ 
for the action that preserves the point at infinity and that restricts to the action 
G X TM TM obtained by differentiating fii. 

Since D : M ^ MxM is G-equi variant, the tubular neighbourhood oi D{M) 
may be chosen in a G-equivariant way, and it follows that ^3 o (Id x D\) = 
D\ o ^2- Further, since the action of G on M preserves orientations, the two 
oriented bundles tt'^TM and fj-^TM over GxM are isomorphic, and consequently 
Th o ^3, (a x z)^ ^i,(a x Th(z)) for any z e H^{M'^^'). Thus 

a{x-y) = {-l)"'^y^+"'fi,{axThoD:Xx xy)) 

= (-irl^l+^Tho^gJaxi^Kxxy)) 

= {-l)"'\y\+'^ThoD,oij.2^{axxxy) 

= ^(-l)'"l2'l+l"<^)l(l^l+'")+'"Th o D,{a(^i)x X a(2)y) 



as required. □ 

We now prove Proposition [3] Let a G H^,{ilG) and let x G (G). By 
Lemma[Sl the classes 17(0(2)) are all primitive, and so 17(0(2)) = J2i (-P% '^{'^{2})} Pi- 
It follows from this that A(a (E) x) — J^i '^iO, ® 6iX as required. It remains to 
show that each of the 6i and di is a derivation. Since each pi is primitive and 
of odd degree, the fact that each Si is a derivation is an immediate consequence 
of Lemma [T3] above. Finally we must show that each di is a derivation. Let 
a,b ^ H^{ilG). We must show that di{ab) = {dia)b + a{dib). We may assume 
without loss that each of a, b is concentrated in a single component of QG, so 
that we may write 



D^b = 6 7b + ^ 6^^j 6 



+ 

(2)' 

where ^a,Jb are points of QG (and, by abuse of notation, the homology classes 
of those points) and each of the a'^^^ and fo^^-j has positive degree. Then using 
the fact that D^^ab) — {D^,a){D^,b), and using Lemma[5]to show that a{jajb) — 

<7(7a) + 0-(7;,), cr(7a6(2)) cr(^^2))' ^(«(2)Tb) = ^^("(2)) ^("(2)^(2)) = 

follows from the definitions that di{ab) = {dia)b + a{dib). This completes the 
proof. □ 



6 String topology of special orthogonal groups 

In this section we will prove Theorems 0] and [5l which describe the string topol- 
ogy BV-algebra of SO{n) for n ^ 3 and with cocfhcients in Q and Z2. The 
proof will proceed using Theorem [1] and Proposition [3) We must therefore com- 
pute the quantities [1] to 2] listed in the introduction. First, in tj6.1l we recall 
the homology and cohomology of SO{n) with coefficients in Q and Z2 and we 



12 



use this to describe quantities [T] and [2] from the introduction. These results are 
well-known, and we will be referring to the treatment given in |Hat02] . Next, 
in HQ.'2\ we recall Bott's computation of H^,{UoSO{n);'Z) from |Bot58| and in 
j6.3l we use this to describe quantity [3] from the introduction. Then in i j6.4l we 
compute the homology suspension using the results of the earlier subsections 
and some Serre spectral sequences. Finally, in N6.5I we prove Theorems 2] and [S] 
by combining the results of the earlier subsections. 

6.1 Homology of SO{n). 

In this subsection we will take coefficients in either Z2 or Q and describe the rings 
H^{SO{n)) and M^{SO{n)). We wiU also describe the derivations of H,(50(n)) 
determined as in Proposition[3]by a basis of odd-degree primitives in iJ*(5'0(n)). 
The results are well-known, and we refer throughout to section 3.D of [Hat02j . 
We summarize the main points as follows: 

Proposition 14. Let m ^ 1. Then 

H,(50(2to + 1);Q) = Aq[/33,...,/34™-i], 
H,(50(2m + 2); Q) = Aq[/33, . . . , /34m-i, 72m+i], 

where the degrees of the generators are as in Theorem 

There is a basis 03, 07, . . . , 04^-1 of the odd degree primitive subspace of 
H^{SO{2m + 1); Q) and a basis 03, ay, . . . , a^rn-i, ^2m+i of the odd degree prim- 
itive subspace of H^{SO{2m -f- 2); Q). The corresponding derivations di^ ... ,6m 
of S O {2m + 1);Q) and Si, . . . JmJe o/H,(50(2m + 2); Q) are as described 
in Theorem^ 

Proposition 15. Let m ^ 1. Then 

H,(50(2m + l);Z2) =Z2[ci , C3, . . . , C2TO-1 
H,(50(2m + 2); Z2) = Z2[ci, C3, . . . , C2m+i]/Qm, 

where the relations and the degrees of the generators are as in Theorem\^ There 
is a basis qi, 53, . . . , q2m-i of the odd primitive subspace of H^{SO{2m + 1); Z2) 
and a basis gi, 93, . . . , g2m+i of the odd primitive subspace of H^,{SO{2m + 
2);Z2). The corresponding derivations Si,...,Sm 0/ H*(50(2m + 1); Z2) and 
(5i, . . . , Srn+i ofMif(SO{2m + 2); Z2) are as described in Theorem\^ 

We begin by recalling the rational homology and cohomology of 5*0(2771-1-1) 
and SO{2m -f 2) for to ^ 1. First, according to [Hat02| the rational homology 
ring of SO{2m + 1) is given by 

H4SO{2m + 1); Q) ^ Aqias, 07,..., a4m-i] 

where the generators are primitive and lie in degrees |a4i_i| = 4i — 1. Because 
the generators are primitive we have 

H*{SO{2m + 1); Q) = AQ[a*, . . . , a^^.J 

where the dual elements are formed with respect to the basis of monomials. It 
follows from the construction in j Hat02| that the fundamental class of S0{2m + 
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1) is equal to ■ ■ ■ a^m-i- Second, according to [Hat02] the rational homology 
ring of SO {2m + 2) is given by 

H^{S0{2m + 2);(Q)) = AQ[a3,a7, . . . , a4„_i, 62m+i] 

where the generators are primitive and lie in degrees |o4i_i| = 4i — 1, |62m+il — 
2m + 1 . Because the generators are primitive we have 

H*{SO{2m + 2); Q) = AQ[a*, . . . , 

where the dual elements are formed with respect to the basis of monomials. It 
follows from the construction in |Hat02] that the fundamental class of 50(2m + 

2) is equal to 03 • ■ • a4m_i&2m+i- 

Proof of Proposition The descriptions of the intersection rings are immedi- 
ate from the above description of the cohomology rings and the fundamental 
class by setting 

in the first case and 

Pai-I = 0*4:1-1 ^ {o-Z • • • a4T?x-1^2m+l) = (^1)* ^ O'?, ' ' ' a4i-l " ' ' a4m-l &2t?i+1 , 
72m+l = ^2m+l ^ ('^3 ' ' ' a4m-l&2m+l) = l)™a3 ' ' ' a4„i_l. 

in the second case. The bases of odd-degree primitives are immediate from 
the above description of the homology rings, as are the descriptions of the 
corresponding derivations. □ 

We now move on to the case of Z2 coefficients. Recall from jHat02j that for 
71 ^ 2 the homology and cohomology rings of SO{n + 1) are given by 

H^{SO{n + 1);Z2) = Az2[ei,e2, . . . ,e„], \ei\ = i, 

H*{SO{n + 1); Z2) = Z2[/3i, /?3, . . = 2t - I, 

where each /32i-i is the dual of e2i-i with respect to the basis of monomials and 
Pi is the smallest power of 2 for which pi{2i — 1) ^ {n + 1). The /32i-i are all 
primitive. It also follows from |Hat02| that the fundamental class of SO{n + 1) 
is the product ei • ■ • e„. 

Proof of Proposition \15[ The description of the intersection ring follows imme- 
diately from the description of the cohomology ring given above by setting 

C2i-i = 02i-i n (ei ■ • ■ e„) = ei • ■ • ■ • ■ e„. 

Since the primitive subspace of H^(SO{n + 1);Z2) is dual to the quotient of 
H*{SO{n + 1);Z2) by its decomposable elements, it follows that the primi- 
tive subspace has a basis gi, 93, . . . , (72m+i, m = [n/2], uniquely determined by 
il2j-i) — 6ij. It is clear that q2i-i — £-21-1 modulo decomposables and 
that the product of any decomposable with any of the C2i_i vanishes. From this 
the description of the derivation 5i follows immediately. □ 
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Note 16. Before ending this section we record for later use the following facts. 
These will be crucial for our computation of the homology suspension. First, in 
rational homology: 

• The projection S'0(2m+1) S'0(2m+1)/S'0(2TO—1) sends the generator 
aim-i to the fundamental class [SO{2m + l)/50(2m — 1)]. 

• The projection S0{2m + 2) ^ g2m+i ggj^jjg f^^y^ generator 62m+i to the 
fundamental class [5*^™+^] and sends all 04^-1 to 0. 

• The Hopf algebra maps H^{SO{2m + 1);Q) H^{SO{2m + 2);Q) and 
H^{SO{2m + 1);(Q)) H^{S0{2m + 3);Q) induced by the inclusions 
50(2m + 1) SO{2m + 2) and SO{2m + I) ^ S0{2m + 3) can both 
be described by 04^-1 ^ a4i-i for i = 1, . . . ,to. In particular, both are 
injections. 

And in Z2 homology: 

• The map 50(72+1) S'" sends the generator e„ to the fundamental class 
[S"]. In particular, S'0(2m + 2) -> S^^^+i sends g2m+i to [S^^+i]. 

• The Hopf algebra map H^{SO{n + 1);Z2) ^ H^{SO{n + 2);Z2) induced 
by the inclusion SO{n + 1) ^ SO{n + 2) is the injection given by ^ 
for i = 1, . . . , n. (Consequently it sends (721-1 to (721-1 for 2i — 1 ^ n.) 

All of these facts follow from the constructions of [IIat02j 
6.2 Homology of VLQSO^n + 1). 

Let n ^ 2 and let 0050(71.+ 1) denote the component of VlSO{n~\-l) consisting of 
contractible loops. In this subsection we recall Bott's computation of the Hopf 
algebras H^,{il.oSO{n + 1);Z) for n ^ 2. We will use these results in the next 
subsection to describe the Hopf algebras H^{^SO{n + 1); Q) and Hf{V,SO{n + 
1);Z2). All references in this section are to |Bot58[ §§9-10]. 
Bott shows that for m ^ 1 there are classes 

CTo, . . . , CT2m-i e H,{noSO{2m+l);Q), ctq, • • • , ^2™, e £ H,{noSO{2m+2);Q) 

that generate the Hopf algebras H^{noSO{2m + 1);Q), H^{naSO{2m + 2);Q) 
respectively. The degrees of these elements are \ai\ — 2i and |e| = 277T,. Bott 
also shows that ctq ~ 1 = and 

- 2ai-iai+i -\ ±2aoa2i = 0, i = l,...,m-l (5) 

form a complete set of relations among the generators of H^,{iloSO{n + 1); Q), 
and that ao — 1 and 

(ct„i + £)(cr„i - e) - 2(T„,_it7,„+i H ± 2(7oO'2m = 0, (6) 

cr,f - 2cri_icri+i H ± 2croCT2j = 0, i = 1, . . . , 771 - 1 (7) 

form a complete set of relations among the generators of -ff*(f2o5'0(2TO + 2); Q). 
The coproducts of the generators of H^,{VLQS0{2m + 1); Q) are given by 

-D»(Ti — '^CFi-j (Tj for i ^ 2777 — 1 (8) 
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and the coproducts of the generators of H^,{floSO{2m + 2); Q) are given by 

X^CTj-j "Xi CTj for i ^ 2m — 1, (9) 
J2<^^-J^crJ + {-l)"'e(g>^, (10) 

£®1 + 1(8)£. (11) 

This completes the description of the Hopf algebras H^{il.oSO{2m + 1); Q) and 
H^{noSO{2m + 2);Q). 

Since the homology groups H^,{noSO{n + 1);Z) are free over Z we may 
regard them as subgroups of H^{ilQSO{n + 1);Q). Bott shows that the Hopf 
algebras iJ,(f7oS'0(2m + 1); Z) and _ff»(f7oS'0(2TO + 2); Z) are generated by the 
classes 

Co, • ■ • , CTm-l, 2a,n, ■ • • , 2(T2m-l, CTq, • ■ • , CTm-i, am+E, Cr,„— £, 2ct„i+i, . . . , 2(72m 

respectively. The coproducts of these integral generators are completely deter- 
mined by the coproducts of the rational generators. The relations among these 
integral generators are given by cto ~ 1 = and (O in the case of iJ, {ilQS0{2m + 
1);Z) and (To - 1 = and ®, JT]) in the case of iJ,(f}oS'0(2m + 2); Z). 

Note 17. It follows from Bott's construction that the Hopf algebra morphism 
H^{naSO{2m + 1);Q) H^{naSO{2m + 2);Q) is given by a, ^ for i = 
0, ...,2to-1 and that H^{noSO{2m + 2);Q) H^{noSO{2m + 3);Q) is given 
by e I— > and ct; Ui for i = 0, . . . , 2m. 

6.3 Rational and Mod 2 Homology of nSO{n + 1). 

Let n ^ 2. We will use the results of the last subsection to describe the Hopf 
algebras H^{nSO{n + 1);Q) and H^{nSO{n + 1);Z2). The main results are 
summarized as follows: 

Proposition 18. Let m ^ 1. Then 

H,{nS0{2m + 1);Q) - QK, • • • , a2,„-i]/C/™, 
il,(r!50(2m + 2); Q) = Q[ao, . . . , a2m-i, em]/f/m 

where the degrees of the generators, and the relations Um, are as described in 
Theorem^ The comultiplication is given by 

D*a.i = ^ Ui^j ® aj, D^£m = Em 8) 1 + 1 ^ Em- 
Proposition 19. Let m ^ 1. Then 

iJ,(1750(2m + l);Z2) =Z2[ao,... m— 1]/^ 

H^{Q.S0{2m + 2);Z2) = Z2[ao, . . . , a^, 60, ■ • ■ ,6,„_i]/i?,„ 

where the degrees of the generators, and the relations Rm, are as described in 
Theorem\^ The comultiplication is given by 

D^Oi — Oi^j ® Oj, D^bi — {bi-j aj + Oj ® &i-j) . 



-C',CT2m = 
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Proof of Provosition\lS[ Since TTiSO{n+\) = Z2 for n ^ 2, we have H^{nSO{n+ 

1) ; Q) = Q[Z2] (X) H^{noSO{n + 1); Q) as Hopf algebras. If we write to for the 
generator of Z2 then D^{uj (^1) = uj uj 1. 

By the last paragraph and the results of ^Q.'2\ {nS0{2m + 1); Q) is gener- 
ated by and l(X'cro, . . . , lC>5(T2m,-i subject only to the relations arising from 
(To — 1 = 0, — 1 = 0, and The coproducts of these generators are deter- 
mined by the last paragraph and by The description of H^,{^}SO{2m+l); Q) 
follows by setting 0;^ = w (2) cr^ for i = 0, . . . , 2m — 1. 

Similarly, by the first paragraph and the results of ^6-2\ H^{^lSO{2m+2)■, Q) 
is generated by w (g) 1 and 1 (g) ctq, • ■ ■ , 1 ^ o'2m, 1 ^ £, subject only to the relations 
arising from (Tq — 1 = 0, — 1 = 0, ([6|) and ([7]). The coproducts are determined 
by the last paragraph and by PU)) and (fTT|) . The description of H^,{QSO{2m + 

2) ; Q) follows by setting = uj(SiC7i for i — 0, ... , 2m and setting e,„ = 1®£. □ 

Proof of Provosition \19[ As in the last proof, since tti 5*0(71+1) = Z2 for n ^ 2, 
we have F*(nS'0(n -M);Z2) ^ Z2[Z2] 0i?*(noS'O(n+ 1); Z2) as Hopf algebras. 
If we write uj for the generator of Z2 then (u; (X) 1) = a; (8) 1. 

By the last paragraph and the results of §6.21 H^,{VlSO{2m + 1); Z2) is gen- 
erated by w (8) 1, 1 (g) do, ■ • ■ , 1 ® CTm-i, 1 ® 2cr„i, . . . , 1 (g) 2tT2m-i, subject to the 
relations arising from (To — 1 = 0, w^ — 1 = and (O. The coproducts of these 
generators are determined by the last paragraph and by ®. The description 
of H^,{USO(2m + 1); Z2) follows by setting Oi — uj ^ ai and bi ~ uj ® 2am+i for 

i = 0, . . . , 771 — 1. 

Similarly, by the first paragraph and the results of §6.21 H^, (ri50(2m+2); Z2) 
is generated by a;(g)l, l(g)(To, . . . , 1 (8)(t„_i, 1 (a™ ±e), l(g)2(Tm+i, . . . , l(8)2(T2m, 
subject to the relations arising from ctq — 1 = 0, — 1 = and ®, d?]). The 
coproducts of these generators are determined by the last paragraph and by JTU]) 
and (fTTjl . The description of 7J*(05'0(2m-|-2); Z2) follows by setting ai = u)®cji 
and bi — bj ® 2am+i for i = 0, . . . , m — 1, and setting am = uj ® {am + e). □ 

Note 20. Using Note [17] we have the following facts. Let to ^ 1. 

• The map H^{SO{2m + 1);Q) H^{S0{2m + 2);Q) sends to a, for 
i = 0, ... ,2m - 1. 

• The map H^{SO{2m - 1);Q) H^{S0{2m + 1);Q) sends a, to a, for 
i = 0, . . . , 2to — 3. 

• The map H^{S0{2m + 1);Z2) ^ i/,(S'0(2TO + 2); Z2) sends a, to a^ and 
fei to fei for i = 0, . . . , TO — 1. 

• The map H^{SO{2m + 2); Z2) ^ H^{SO{2m + 3); Z2) sends a, to for 
i = 0, . . . , TO, sends 60 to 0, and sends bi to for i = 1, . . . , to — 1. 

• In particular, from the last two facts it follows that for N large enough the 
maps H^{SO{2m + 1); Z2) ^ H^{SO{N + 1); Z2), H^{SO{2m + 2); Z2) ^ 
hXsO{N + 1);Z2) send 60, ■ • ■ ,6m-i to 0. 
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6.4 The homology suspension. 

Let n ^ 2. The goal of this subsection is to compute the homology suspensions 

a: H^nSOin + 1);Q) ^ H,+i{SO{n + 1);Q), 
a: i/,(r!50(n + l);Z2) ->iJ,+i(50(n + l);Z2), 

using the results of H6.1\ and HG.'di 

Proposition 21. There are nonzero rational numbers Ai, A2, • • • and fii, /i2, . . . 
such that: 

1. The homology suspension a: H^{QSO{2m + 1);(Q)) i/*+i(S'0(2m + 

1) ;(Q)) is given by a{a2i-i) = XiO^i^i fori — l,...,m and a{a2i) — 
for i = 0, . . . , TO — 1. 

2. The homology suspension a: H^,(QSO{2m + 2);(Q)) H^^i(SO{2m + 

2) ;Q) is given by a{a2i-i) ka^-i for i = l,...,m, a{a2i) = for 
i = 0,...,m, and ct(£,„) = t^mb2ni+i- 

Note 22. It is possible to improve on Proposition [5T] and show that the con- 
stants Ai, A2, . . . and /ii,/i2, . . . are all equal to 1. 

Corollary 23. The derivations di, . . . , dm of H^{nSO{2m+ 1); Q) correspond- 
ing to the basis 03, . . . , 04^-1 of the odd-degree primitive subspace of H^(SO{2m-\- 
1);Q), and the derivations di, . . . , d„n of H^(QSO{2m + 2)]Q) correspond- 
ing to the basis 03, . . . , a4m_i, 62m+i of the odd-degree primitive subspace of 
H^{SO{2m + 2)]Q), can be described as follows: 

• di sends aj to Xiaj-2i+i if j ^ 2i — 1 and sends all other generators to 0. 

• 9e sends to fj,m^ and sends all other generators to 0. 

Proof. The derivations, which are defined in Definition [21 are given explicitly in 
terms of the coproducts on H^{nSO{2m + 1); Q) and H^{nSO{2m + 2); Q) and 
the homology suspensions a: H^{nSO{2m + 1);(Q)) H^+i{SO{2m + 1);Q) 
and a: H^{D.S0{2m + 2);Q) iJ,+i(50(2m + 2);Q). The coproducts are 
described in Proposition 1181 and the homology suspensions are described in 
Proposition The result follows immediately. □ 

Proposition 24. 1. The homology suspension a: H^,{ilS0{2m + 1);Z2) 

H^^i{SO{2m + 1);Z2) is given by a{ai) = q2i+i and a{bi) = for i = 

0, . . . , TO — 1. 

2. The homology suspension a : F»(r2S'0(2TO+2); Z2) F,(S'0(2to-|-2); Z2) 
is given by a{ai) = 921+1 for i — 0, . . . ,m and a{bi) — for i — 0, . . . ,m — 
1. 

Corollary 25. The derivations di, . . .dm o/]HI,(50(2m + 1); Z2) corresponding 
to the basis qi, (73, ... , q2m-i of the odd-degree primitive subspace of H^{SO(2m-\- 

1) ; Z2), and the derivations di, . . . dm+i of M^, (SO {2m + 2); Z2) corresponding to 
the basis qi, (73, ... , q2m+i of the odd-degree primitive subspace of H^, {SO (2m + 

2) ;Z2), are as described in Theorem\^ 



18 



Proof. The derivations, which are defined in Definition [21 are given explicitly 
in terms of the coproducts on H^{QSO{2m + 1); Z2) and Hf{QSO{2m + 2); Z2) 
and the homology suspensions a: H^{^SO{2m + 1);Z2) H^+i{SO{2m + 
1);Z2) anda: iJ,(f75C'(2m + 2); Z2) ^ i7*+i(S'0(2TO + 2); Z2). The coproducts 
are described in Proposition [19] and the homology suspensions are described in 
Proposition [Ml The result follows immediately. □ 

The rest of this subsection is given to the proofs of Propositions [211 and 
[Ml We begin with three lemmas that prove special cases of these propositions. 
They all follow easily from the Serre spectral sequence of certain fibrations. Let 
us recall that for any n ^ 1 the homology ring H^:{nS"'~^^; R) is R[un], where 
Un e Hn{nS^~^^; R) is a generator that satisfies cr(w„) — [5*"+^]. 

Lemma 26. Let i ^ 1. Then there is a nonzero Ai G Q such that a{a2i-i) — 
in Hi,^i{S0i2i + l):Q). 

Proof. In this proof all homology groups are taken with rational coefficients. Let 
F2,+i = SO{2i + l)/SO{2i~l) denote the space of orthogonal 2-frames inR^^+i 
and let tTj : SO{2i + 1) ^ ^2i+i denote the projection map. ^2^+1 is a rational 
homology sphere of dimension 4i — 1 with fundamental class [f2i+i] = '"■1*141-1 
(see Note [TBI) , so that H^.{nF2i+i) = Q[v4i-2] where a-{v4i-2) = [-P2i+i]- 

Since the homology groups H^{nSO{2i-l)), H4nSO{2i+l)) and i7*(f}i^2*+i) 
are all concentrated in even degrees, the Serre spectral sequence of the fibration 
^S0{2i — 1) ^ 515*0(2^ + 2) ^ nF2i+i collapses at the term and there is a 
short exact sequence 

Hu{nS0{2i - 1)) ^ H4,{nSO{2i + 1)) ^ Hi,{Q.F2,+i) 0. 

By Note[20lthe map Hi,{VlSO{2i-l)) Hu{^SO{2i+l)) has nonzero cokernel 
generated by a2i-i, and so there is some nonzero Ai G Q such that 71^^(02,-1) = 

By naturality of the homology suspension (Lemma [SI) and the last two para- 
graphs we now have ■Kif,a{a2i-i) = Ai7r,a4i_i, and since 04^-1 spans the primi- 
tive subspace of iJ4i_i(50(2« + 1)) the result follows. □ 

Lemma 27. Let i ^ 1. Then if i is odd there is a nonzero fii € Q such that 
a{ei) = fj,ib2i+i in H2i+i{SO(2i + 2); Q), and ifi is even there is nonzero G Q 
and a fc,j G Q such that o-(e,j) = ^iib2i+i + kia2i+i in H2i+i{SO{2i + 2);Q). 

Proof. In this proof all homology groups are to be taken with rational coeffi- 
cients. Let pi'. SO{2i + 2) 5"^'+^ denote the projection map. By Note [TBI this 
map sends 624+1 to [5*^*+^] and sends all a^j^i to 0. Since the homology groups 
of rLSO{2i -I- 1), VlSO{2i -I- 2) and fiS'^'^^ are concentrated in even degrees, the 
Serre spectral sequence of the fibration ^lSO{2i + \)^ nSO{2i + 2) ^ f^S'^i-n 
collapses at the term and so we have a short exact sequence 

-> H2^{nSOi2i + 1)) ^ H2i{nSO{2i + 2)) H2^{nS^'+^) -> 0. 

By Note [ini the map H2i+ii^SO{2i + 1)) H2i+i{VlSO{2i + 2)) has nonzero 
cokernel generated by e^, and so there is some nonzero /i^ G Q such that ^Ipi^Si — 
fj-iU2i. It now follows from naturality of the homology suspension (Lemma [HJ 
that pi^(T(ei) = p.iPi.jj32i+i- If i is even then 624+1 spans the primitive subspace 
of H2i+i{SO(2i + 2)), and if i is odd then 624+1 and 024+1 span the primitive 
subspace of H2i+i{SO{2i + 2)). The result follows. □ 
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Lemma 28. Let i ^ 1. Then a{ai) ~ q2i+i in H2i+i{SO{2i + 2);Z2). 

Proof. In this proof all homology groups are taken with coefficients in Z2. As 
in the last proof let pi : SO{2i + 2) ^ 5^'+^ denote the projection onto the first 
column. By Note fTCl this sends q2i+i onto [5*^*+^]. Since the homology groups 
of flSO{2i + 1), flSO{2i + 2) and 575^*+^ are concentrated in even degrees, the 
Serre spectral sequence of the fibration nSO{2i + 1) ^ nSO{2i + 2) ^ 0.8'^'+^ 
collapses at the E"^ term and so we have a short exact sequence 

^ H2^{nSO{2i + 1)) H2^{nSO{2i + 2)) H2^{nS'^'+^) 0. 

Recall that H^{nS'^''+^) = Z2[u2^] where a{u2^) = [S'^'+^]. By Note HD] the map 
H2i{^SO{2i + 1)) — > H2i{flSO{2i + 2)) has nonzero cokernel generated by a^, 
and so we have VLpi^ai — U2i- It now follows from naturality of the homology 
suspension (Lemma[l|) that Pi^a{ai) — Pi^q2i+i- Since (721+1 spans the primitive 
subspace of H2i+i{SO{2i + 2)) the result follows. □ 

Now that we have proved the three lemmas above, the general results in 
Proposition [211 and Proposition [24l will be deduced using the following commu- 
tative diagram: 

H^{nSO(n + l;R) — "—^ H^+i{SO{n + I); R) (12) 



H,{nSO{N + l)-R) H,+i{SO{N + l)-R) 

Here the vertical maps are induced from the inclusions SO{n + 1) ^ SO{N + 1) 
associated to the standard inclusion ]R"+-'^ M^+^. Commutativity follows 
from naturality of the homology suspension (Lemma E]). 

Proof of Proposition \21\ Throughout the proof we use homology with coeffi- 
cients in Q. 

We begin with the proof of the first part. The fact that cr{a2i) — for 
z = 0, . . . , 771 — 1 is immediate from the fact that there are no nonzero primitive 
elements in H^{S0{2m + 1)) of degree congruent to 1 modulo 4. 

Let us turn to diagram in the case R — Q, n — 2i, N = 2m, with 
m ^ J ^ 1. The left-hand vertical map sends a2i-i to a2i-i and the right-hand 
vertical map sends a^i^i to an-i. Since a[a2i-i) — Aia4j_i in H^{SO{2i + 1)) 
by Lemma [26l it now follows that a{a2i^i) — XiO^i^i in H^{S0{2m + 1)). This 
proves the first part of the proposition. 

We now prove the second part of the proposition. Take diagram (O in the 
case R = Q, n = 2m, N = 2m + 1. The left-hand vertical map sends a2i to 
a2i and the upper map sends a2i to by the first part of the proposition. Thus 
o'{c(2i) — 0. Take diagram (fT2| in the case R = Q, n = 2i, N = 2m + 1 for 
1 ^ I ^ TO. The left-hand vertical map sends a2i-i to a2i-i and the right-hand 
vertical map sends a4j_i to an-i. Since a{a2i~i) — Aja4j_i in H^{SO{2i + 1)) 
by Lemma EHl it now follows that cr(a2i-i) = ^^04^-1 in H^{S0{2m + 1)). 

It remains to show that (T{sm) — Mm^2m+i- When to is even this is the 
statement of Lemma [27l When m is odd, Lemma [27] tells us that cr(e,n) = 
Mm^2m+i + kma2m+i for somc km G Q- Taking diagram (jl2p with n =^ 2m, + 1 
and N = 2m + 2 and i? = Q, we find that the left-hand vertical map sends Em 
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to by Note and that the right-hand map sends b2m+i to and a2m+i to 
o-2m+i- It foUows that we must have km = 0. This completes the proof. □ 

Proof of Proposition Throughout this proof homology groups are to be taken 
with coefhcients in Z2 . We will prove both parts of the proposition simultane- 
ously. 

Note that ao is represented by a noncontractible loop in 5*0(71-1-1), regarded 
as a point of ilSO{n + 1), while qi is represented by the same loop, this time 
regarded as an element of Hi{SO{n + 1)). The claims 17(00) = <li now follow 
from the definition of the homology suspension. 

Now let us turn to diagram p2p in the case R — Z2. The right-hand map 
in this diagram is always an injection by Note fTCl 

Taking n — 2m or 2m -|- 1 and N large enough, the left-hand vertical map 
sends the classes 60, . . . ,fom-i to by Note [201 so it follows that these classes 
must vanish under the homology suspension. 

Fix any 1 ^ i ^ m — 1. By taking n = 2i + l and N = 2m, and using the fact 
that a{ai) = qi in H2i+i{SO{2i -\- 2)) from Lemma we find that 17(0^) = qi 
in H2i+i{SO{2m + 1)). Similarly, for any 1 ^ i ^ m we may take n — 2i + 1, 
N = 2m + 1 and use the same fact from Lemma US] to see that a{ai) = qi in 
H2i+i{SO{2m + 2)). This completes the proof. □ 

6.5 Proof of Theorems H] and O 

Proof of Theorem^ Proposition [T3] describes the rings IHI*(S'0(n + 1);(Q) and 
Proposition fT51 describes the rings H^,{yiSO{n -t- 1);Q). The ring-isomorphisms 
of Theorem |4] now follow from Theorem [TJ Proposition [M] also describes a 
basis for the odd-degree part of the primitive subspace of i?,(50(n-M); Q) and 
describes the effect of the corresponding derivations of H,(50(n + 1); Q), while 
Corollary[23]describes the effect of the corresponding derivations oi H^,{^SO{n+ 
1);(Q)) after rescaling. The description of the BV-operators in Theorem H] now 
follows from Proposition O but with the description of the di and replaced 
by the following: 

• di sends aj to AiQ!j_2i+i j ^ 2i — 1 and sends all other generators to 0. 

• de sends £„i to /i„il and sends all other generators to 0. 

However, by replacing di with di/Xi, Si with XiSi, and Pii-i with fia-i/Xi, 
and by replacing with de/^im, <5e with /im<5e, and 72m+i with ^2ra+\l P-m-, we 
may assume that the description of the BV-operators given in Theorem 2] holds 
exactly. This proves Theorem |H □ 

Proof of Theoreml^ Proposition [1^] describes the rings M^,{SO{n + 1); Z2) and 
Proposition [m describes the rings H^,{nSO{n+ 1);Z2). The ring-isomorphisms 
of Theorem [5] now follow from Theorem [TJ Proposition [T5| also describes a basis 
for the odd-degree part of the primitive subspace of H^,{SO{n + 1);Z2) and 
describes the effect of the corresponding derivations of {SO{n + 1); Z2), while 
Corollary[Tn]describes the effect of the corresponding derivations of i?* (175*0(71-1- 
1);Z2). The description of the BV-operators in Theorem [5] now follows from 
Proposition [31 This completes the proof of Theorem [3 □ 



21 



References 



[Bot56] Raoul Bott. An application of the Morse theory to the topology of 
Lie-groups. Bull. Soc. Math. France, 84:251-281, 1956. 

[Bot58] Raoul Bott. The space of loops on a Lie group. Michigan Math. J., 
5:35-61, 1958. 

[CJ02] Ralph L. Cohen and John D. S. Jones. A homotopy theoretic realiza- 
tion of string topology Math. Ann., 324(4):773-798, 2002. 

[CS99] Moira Chas and Dennis Sullivan. String topology, 1999. Preprint, 
available at arXiv:math.GT/9911159¥l. 

[God07] Veronique Godin. Higher string topology operations, 2007. Preprint, 
available at arXiv: math/0711 .4859. 

[Hat02] Allen Hatcher. Algebraic topology. Cambridge University Press, Cam- 
bridge, 2002. 

[McCOl] John McCleary. A user's guide to spectral sequences, volume 58 of 
Cambridge Studies in Advanced Mathematics. Cambridge University 
Press, Cambridge, second edition, 2001. 

[Men09] Luc Menichi. String topology for spheres. Comment. Math. Helv., 
84(1):135-157, 2009. With an appendix by Gerald Gaudens and 
Menichi. 

[Tam06] Hirotaka Tamanoi. Batalin-Vilkovisky Lie algebra structure on the 
loop homology of complex Stiefel manifolds. Int. Math. Res. Not., 
pages Art. ID 97193, 23, 2006. 

[Vai07] Dmitry Vaintrob. The string topology BV algebra, Hochschild coho- 
mology and the Goldman bracket on surfaces, 2007. Preprint, available 
at iarXiv:math/0702859| ;7-l. 

[Whi78] George W. Whitehead. Elements of homotopy theory, volume 61 of 
Craduate Texts in Mathematics. Springer- Verlag, New York, 1978. 

[Yan07] Tian Yang. A Batalin-Vilkovisky algebra structure on the Hochschild 
cohomology of truncated polynomials, 2007. Preprint, available at 
arXiv : math/0707 . 4213v3. 



22 



